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Abstract. We give a criterion for the simultaneous existence or non-existence of two long-range
orders for two observables, at finite temperatures, for quantum lattice many body systems. Our
analysis extends previous results of Tian (1997J. Phys. A: Math. Gen.30 841) limited to the
ground state of similar models. The proof involves an inequality of Dyson–Lieb–Simon (1978
J. Stat. Phys.18 335) which connects the Duhamel two-point function to the usual correlation
function. An application to the special case of the Holstein model is discussed.

1. Introduction

In a recent paper, Tian derived a sufficient condition for the simultaneous existence or non-
existence of long-range order of two observables in the ground state of quantum lattice models
[1]. Here we prove a similar criterion for the case of finite temperatures. As will be seen the
theorem is quite general, but for concreteness we limit ourselves to a specific class of fermion
Hamiltonians given by (1) below. A concrete example concerning the Holstein model is given
at the end and an application to the comparison of critical temperatures for systems with more
than one order parameter is briefly discussed.

Let us first recall the result of [1]. LetH3 be a fermion Hamiltonian of the form

H3 =
∑
x,y∈3
σ=↑,↓

txyc
+
xσ cyσ +

∑
x,y∈3

Vxynxny +
∑
x,y∈3

JxySx · Sy (1)

wherec+
xσ , cyσ are creation and annihiliation operators of spin one-half fermions on ad-

dimensional lattice3 ∈ Zd , nx andSx are the usual fermion density and spin at sitex. We will
always assume that the hopping matrixtxy and the two-body interactionsVxy ,Jxy are integrable.
This implies that 1

|3|
∑

x,y∈3 |axy | = O(1) with respect to|3|, whereaxy = txy, Vxy, Jxy .
Let |93

0 〉 be the ground state ofH3. If Ox is a local operator, i.e. an operator valued
function of{c#

yσ , y ∈ Dx} for Dx a bounded neighbourhood ofx such that|Dx | = O(1) with
respect to the volume|3|, we define the Fourier transform for each vectork in the reciprocal
lattice as

Ôk = 1√|3|
∑
x∈3

e−ik·xOx. (2)

Suppose there exist three local observablesAx , Bx , Cx such that for eachx ∈ 3
[H3,Ax ] = µBx + νCx (3)
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whereµ andν are two non-vanishing complex numbers. The result of [1] states that if (3) and
some additional assumptions (see later on) are satisfied then

lim
3→Zd

1

|3| 〈9
3
0 |B̂+

k B̂k|93
0 〉 6= 0 (4)

if and only if

lim
3→Zd

1

|3| 〈9
3
0 |Ĉ+

k Ĉk|93
0 〉 6= 0. (5)

Notice that if (4) and (5) do not vanish they are strictly positive. In fact (4) and (5) express the
presence of long-range order for the observablesBx andCx . Indeed

1

|3| 〈9
3
0 |Ô+

k Ôk|93
0 〉 =

1

|3|2
∑
x,y∈3

eik·(y−x)〈93
0 |O+

yOx |93
0 〉

6 1

|3|2
∑
x,y∈3
|〈93

0 |O+
yOx |93

0 〉|. (6)

Therefore, if the left-hand side of (6) is strictly positive one must also have

lim
|x−y|→∞

lim
3→Zd

|〈93
0 |O+

yOx |93
0 〉| > ε > 0 (7)

for someε > 0.
The result of [1] is based on the following inequality which follows from the commutator

relation (3). For anyk(
|µ|
√
〈93

0 |B̂+
k B̂k|93

0 〉 − |ν|
√
〈93

0 |Ĉ+
k Ĉk|93

0 〉
)2

6 〈93
0 |[Â+

k , K̂k]|93
0 〉1/2〈93

0 |[K̂+
k , [H, K̂k]] |93

0 〉1/2 (8)

whereK̂k = [H3, Âk]. If the right-hand side of (8) is O(1) uniformly in |3|, the two terms in
the square are necessarily of the same order. More precisely, assuming that the right-hand side
is O(1), if one of the correlation functions is O(|3|), this is also the case for the other. The
reader is referred to [2] for several concrete examples. Let us note that ifν vanishes (resp.µ
vanishes) (8) implies that〈93

0 |B̂+
k B̂k|93

0 〉 = O(1) for all k which means there is no long-range
order forBx (resp.Cx) [3]. In the next section we prove a similar criterion for the case of finite
temperatures.

2. Finite temperatures

Let 〈Ox〉3 = Tr(Oxe−β(H3−µN3))/Z3 where the trace is over the usual Fock space,N3 =∑
x∈3 nx and Z3 = Tr e−βH is the partition function at inverse temperaturesβ. The

generalization of (8) to finite temperature involves the Duhamel two-point function whose
definition we recall here. The Duhamel two-point function of two operatorsF andG is
defined by

(F,G)3 = 1

Z3

∫ 1

0
dv Tr (e−vβ(H3−µN3)Fe−(1−v)β(H3−µN3)G). (9)

It is symmetric(F,G)3 = (G, F )3 and satisfies a Cauchy–Schwarz inequality

|(F,G)3|2 6 (F +, F )3(G
+,G)3. (10)

We also recall the following useful identity

〈[F,G]〉3 = ([F, βH3],G)3. (11)
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The following lemma generalizes the inequality (8).

Lemma. LetAx , Bx andCx be three local observables satisfying (3) then for allk(
|µ|
√
(B̂+

k , B̂k)3 − |ν|
√
(Ĉ+

k , Ĉk)3

)2

6 1

β
〈[Â+

k , K̂k]〉3 (12)

Proof. SettingF = Â+
k andG = [H3, Âk] = K̂k in (11)

1

β
〈[Â+

k , [H3, Âk]] 〉3 = ([Â+
k , H3], [H3, Âk])3 = ([H3, Âk]+, [H3, Âk])3. (13)

Replacing the Fourier transform of (3) in the right-hand side of (13) we obtain

1

β
〈[Â+

k , K̂k]〉3 = (µ∗B̂+
k + ν∗Ĉ+

k , µB̂k + νĈk)3

= |µ|2(B̂+
k , B̂k)3 + |ν|2(Ĉ+

k , Ĉk)3 +µ∗ν(B̂+
k , Ĉk)3 + ν∗µ(Ĉ+

k , B̂k)3. (14)

We can estimate the last two terms on the right-hand side of (14) using the Cauchy–Schwarz
inequality

|µ∗ν(B̂+
k , Ĉk)3 + ν∗µ(Ĉ+

k , B̂k)3| 6 |µν|(|(B̂+
k , Ĉk)3| + |(Ĉ+

k , B̂k)3|)
6 2|µν|

√
(B̂+

k , B̂k)3

√
(Ĉ+

k , Ĉk)3. (15)

Noticing that the termµ∗ν(B̂+
k , Ĉk)3 + ν∗µ(Ĉ+

k , B̂k)3 is in fact real, we have

µ∗ν(B̂+
k , Ĉk)3 + ν∗µ(Ĉ+

k , B̂k)3 > −2|µν|
√
(B̂+

k , B̂k)3

√
(Ĉ+

k , Ĉk)3. (16)

From (14) and (16) we get

1

β
〈[Â+

k , K̂k]〉3 >
(
|µ|
√
(B̂+

k , B̂k)3 − |ν|
√
(Ĉ+

k , Ĉk)3

)2

(17)

which is the desired inequality. �

To extract information about the correlation functions ofBx andCx we have to connect
these to the Duhamel two-point function. This will be done through upper and lower bounds
on the Duhamel two-point function which involves only the symmetrized correlation function
because the Duhamel two-point function is symmetric. The upper bound follows from
convexity

(F +, F )3 6 1
2〈F +F + FF +〉3. (18)

The lower bound was found by Dysonet al [4]

(F +, F )3 > 1
2〈F +F + FF +〉3f (h3(F )) (19)

where

h3(F ) = 〈[F
+, [βH3, F ]] 〉3

2〈F +F + FF +〉3 (20)

and the functionf (u) is defined implicitely foru > 0 by

f (u tanhu) = 1

u
tanhu. (21)

The functionf (u) is continuous convex and strictly decreasing with limu→0 f (u) = 1 and
limu→∞ f (u) = 0.
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For any local observableOx , we set

O3(k) = 1
2〈Ô+

k Ôk + ÔkÔ
+
k 〉3. (22)

From (12) we get the two inequalities

|µ|(B̂+
k , B̂k)

1/2
3 > |ν|(Ĉ+

k , Ĉk)
1/2
3 −

1√
β
〈[Â+

k , K̂k]〉1/23 (23)

(23)|ν|(Ĉ+
k , Ĉk)

1/2
3 > |µ|(B̂+

k , B̂k)
1/2
3 −

1√
β
〈[Â+

k , K̂k]〉1/23 .24) (24)

Using the upper and lower bounds (18) and (19) we have

|µ|B3(k)1/2 > |ν|C3(k)1/2f (h3(Ĉk))1/2 − 1√
β
〈[Â+

k , K̂k]〉1/23 (25)

|ν|C3(k)1/2 > |µ|B3(k)1/2f (h3(B̂k))1/2 − 1√
β
〈[Â+

k , K̂k]〉1/23 . (26)

From the two last inequalities and the behaviour off (u) for u→ 0, it is easy to deduce
the following theorem.

Theorem. Assume there exist three local observablesAx , Bx ,Cx satisfying (3). Suppose also
that for a givenk, there exist three positive constantsak, bk andck independent of|3| such
that 〈[Â+

k , [H3, Âk]] 〉3 6 ak, 〈[B̂+
k , [H3, B̂k]] 〉3 6 bk and〈[Ĉ+

k , [H3, Ĉk]] 〉3 6 ck. Then for
any temperatureβ−1

lim
3→Zd

1

|3|B3(k) 6= 0 (27)

if and only if

lim
3→Zd

1

|3|C3(k) 6= 0. (28)

In the last theorem, it is important that the expectation values of the double commutators
are O(1) with respect to the volume. In the appendix, we show that this is indeed the case for
the Hamiltonian (1) and a large class of observables. It turns out however that this assumption
can often be checked explicitely in concrete applications.

3. Applications

We wish to present an illustration of the theorem for the dynamic Holstein model. This is a
model for molecular crystals which retains the interaction of itinerant electrons with breathing
modes of the molecules. These modes are described by Einstein oscillators of frequencyω

attached to each sitex ∈ 3. Letqx , px be the position and momentum of the oscillators (with
[qx, py ] = iδxy). The Hamiltonian of the model is

H3 =
∑
x,y∈3

txyc
+
xcy +U

∑
x∈3

qx(nx − 1
2) + 1

2

∑
x∈3
(p2

x + ω2q2
x ). (29)

ChoosingAx = px we obtain

[H3,px ] = iU(nx − 1
2) + iω2qx (30)
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so thatBx = (nx − 1
2),Cx = qx ,µ = iU andν = iω2. To apply the theorem we have to check

that〈[Ô+
k , [H3, Ôk]] 〉3 = O(1) for Ôk = Âk, B̂k andĈk. By explicit calculation we have

[Â+
k , [H3, Âk]] = ω2 (31)

[B̂+
k , [H3, B̂k]] =

1

|3|
∑
x,y∈3

2(cos(k · (x − y))− 1)txyc
+
xcy (32)

[Ĉ+
k , [H3, Ĉk]] = 1. (33)

The double commutators witĥAk and Ĉk are constant and thus equal to their expectation
values. ForB̂k we have

|〈[B̂+
k , [H3, B̂k]] 〉| 6

1

|3|
∑
x,y∈3
|2(cos(k · (x − y))− 1)||txy ||〈c+

xcy〉|3

6 4

|3|
∑
x,y∈3
|txy | = O(1) (34)

where we used that for fermionic operators|〈c+
xcy〉| 6 1. Thus we can conclude that

lim3→Zd 1
|3| 〈(n̂−k − 1

2)(n̂k − 1
2)〉3 6= 0 if and only if lim3→Zd 1

|3| 〈q̂−kq̂k〉3 6= 0.
It follows from this result that if a Peierls instability occurs at a givenk (i.e. a distortion

of the lattice with long-range order forqx) there is at the same time long-range order in the
electronic density. The occurence of a Peierls instability fork = π at low temperature and
half-filling has, in fact, been proven for the static model where the kinetic energy of the phonons
in (29) is absent [6]. The present analysis remains unchanged in the static case because even
if the termp2

x is absent from the Hamiltonian we still have the right to chooseAx = px so that
(30) remains unchanged.

In one dimension for the spinless case, the decay of the fermionic correlation functions for
the ground state has been analysed rigorously [5] at weak couplingU by using renormalization
group techniques. The results of [5] imply that these correlations decay algebraically and
therefore we can conclude that no long-range order is present at the level ofqx as well.

An interesting application of our theorem concerns the comparison of critical temperatures
in systems with several types of degrees of freedom and several order parameters. An example is
the Holstein model itself. Another example are the so-called ferrofluids where one has magnetic
(spin) degrees of freedom as well as translational degrees of freedom (see for example [8, 9]).
A relevant question is whether there exist two different critical temperatures associated to each
order parameters or only one critical temperature where both order parameters simultaneously
develop a non-zero value. For example in the ferrofluids, it is of interest to decide whether
liquid-vapour and ferro-paramagnetic phase transitions occur at the same critical temperature
or not. Although our theorem is a statement about the existence of long-range order rather than
the order parameter, it suggests that when it is applicable there is only one critical temperature.
This fact had been proven earlier for the particular case of the static Holstein model in [6].

A related question that our basic result leaves open is whether the behaviour of the two
correlation functions at a critical point is governed by two independent length scales. Our
discussion above suggests that (when our result is applicable) this is not the case and there is
a single diverging length scale involved in both correlations.
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Appendix

In order to apply our theorem, it is necessary that all the expectation values of the double
commutators are O(1). In this appendix, we check that this is the case for the Hamiltonian (1)
and a large class of observables. The double commutators we have to discuss are

〈[Ô+
k , [H3, Ôk]] 〉3 = 1

|3|
∑
z,z′∈3

eik·(z′−z)〈[O+
z′ , [H3,Oz]] 〉3 (35)

whereOz is a local observable centred aroundz of the form

Oz = c+
z+δ1

. . . c+
z+δN cz+ε1 . . . cz+εM (36)

whereδi , i = 1, . . . , N and εj , j = 1, . . . ,M are fixed vectors andN andM are fixed
numbers. The subsequent discussion provides a proof that (35) is O(1) whenN +M is even.
If N +M is odd we have only heuristic arguments presented at the end.

We give the detailed calculation for the kinetic term of (1) (for simplicity we omit spin
indices). The interaction terms can be treated in a similar way. Let us evaluate the commutator
of Oz with the kinetic term[ ∑
x,y∈3

txyc
+
xcy,Oz

]
=

N∑
i=1

∑
x,y∈3

txyδy,z+δi c
+
z+δ1

. . . c+
z+δi−1

c+
xc

+
z+δi+1

. . . c+
z+δN cz+ε1 · · · cz+εM

−
M∑
j=1

∑
x,y∈3

txyδx,z+εj c
+
z+δ1

. . . c+
z+δN cz+ε1 . . . cz+εj−1cycz+εj+1 . . . cz+εM . (37)

The commutator ofO+
z′ with the first term of the right-hand side of the last equation reads

N∑
i=1

∑
x,y∈3

txyδy,z+δi (c
+
z′+εM . . . c

+
z′+ε1

cz′+δN . . . cz′+δ1c
+
z+δ1

. . . c+
z+δi−1

c+
xc

+
z+δi+1

. . . c+
z+δN cz+ε1 . . . cz+εM

−c+
z+δ1

. . . c+
z+δi−1

c+
xc

+
z+δi+1

. . . c+
z+δN cz+ε1 . . . cz+εM c

+
z′+εM . . . c

+
z′+ε1

cz′+δN . . . cz′+δ1).

(38)

Using the fermionic commutation relations, we can move in both terms the creation
operators to the left and the annihiliation operators to the right. Doing this we obtain a finite
number of terms involvingtwo Kronecker symbols of the typeδy,z+δi δz′+µ,z or δy,z+δi δz′+µ,x ,
with µ a linear combination ofδ’s andε’s, plus a supplementary term containing onlyone
Kronecker symbol. The latter one is

(−1)N
2
(1− (−1)(M+N)2)

N∑
i=1

∑
x,y∈3

txyδy,z+δi (c
+
z′+εM . . . c

+
z′+ε1

c+
z+δ1

. . . c+
z+δi−1

c+
xc

+
z+δi+1

. . . c+
z+δN cz′+δN . . . cz′+δ1cz+ε1 . . . cz+εM ). (39)

We can now replace these expressions into (35). Let us first suppose thatM +N is even.
In this case the term (39) vanishes and only the terms with two Kronecker symbols contribute.
It follows from the previous discussion that the contribution of (38) to (35) is bounded by

1

|3|
N∑
i=1

∑
x,y,z,z′∈3

1i(x, y, z, z
′)|txy ||〈. . . c+ . . . c . . .〉3| (40)

where1i(x, y, z, z
′) is one of the following:δy,z+δi δz′+µ,z or δy,z+δi δz′+µ,x . The expectation

value of the product ofc# can be bounded by 1 since the norm of the fermionic operators is less
than 1. Then, using the integrability oftxy , the two Kronecker symbols and the factor 1/|3|,
we conclude that (40) is bounded by some constant uniformly in the volume.
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It is possible to perform a similar discussion for the second term in the right-hand side
of (37) to conclude that the double commutators of local observables of the type (36) withH

have to be O(1) with respect to the volume in the caseN +M even.
In the case whereN +M is odd, the discussion for the terms with two Kronecker symbols

is the same as in the case ofN +M even. However, there remains the term (39). Replacing it
in (35) produces a term bounded by

1

|3|
N∑
i=1

∑
x,y,z,z′∈3

δy,z+δi |txy ||〈c+
z′+εM . . . c

+
z′+ε1

c+
z+δ1

. . . c+
z+δi−1

c+
xc

+
z+δi+1

. . . c+
z+δN cz′+δN . . . cz′+δ1cz+ε1 . . . cz+εM 〉3|. (41)

In this last expression, the averages of the product of creation and annihiliation operators are
matrix elements of the reduced density matrixρM+N . In [7] Yang conjectured that long-range
correlations (ODLRO) may appear in such matrix elements only forN +M even. We are not
aware of a general proof of this conjecture but it suggests that the matrix element in (41) decays
as |x − z′| → ∞. Assuming the decay is quick enough the sum overz′ in (41) converges,
which then leads to an upper bound

c

|3|
N∑
i=1

∑
x,y,z∈3

δy,z+δi |txy | (42)

wherec is a constant independent of the volume. Summing overz, using the integrability of
the hopping amplitudes and the term 1/|3|, we have that (42), and thus (41), are bounded by
a constant uniformly in the volume.
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